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SWMARY

A simple equation relating weke momentum thickness and suction-
surface diffusion ratio (ratio of maximum surface velocity to outlet ve-
locity) of conventional low-speed cascade blades is derived from simpli-
fied boundary-layer theory in conjunction with several empirical con-
stants. An analytical relation is thus obtalned that describes the ex-
perimental correlations between momentum thickness and diffusion ratio
reported previously.

Inasmuch as the wvariation of waeke momentum thlckness with diffusion
ratio is shown to depend on the magnltude of the friction coefficient
and the type of boundary-layer flow, an insight is gained into the qual-
itative effects of such factors as blade-chord Reynolds number, surface
roughness, transition location, and extent of local laminar separation.
Jllustrative calculations show that a wide range of values of allowsble
diffusion ratio (value sbove which the weke thickness becomes excessive)
can be obtained for different boundary-layer histories. These results
indicate that blades should be designed for low friction coefficient
(high Reynolds number and low relative surfaece roughness) and minimum
laminar flow (high Reynolds number and high free-stream turbulence) if
meximum allowable values of suction-surface diffusion ratio are desired.

INTRODUCTION

The aerodynemic performence of compressor cascade blades is largely
determined by the growth and separation of the boundary layers on the
blade surfaces. In general, the surface boundary-layer development is a
function of many factors such as the surface veloclty distribution, the
locel skin-friction coefflcient, and the location and nature of the tran-
gition from leminar to turbulent boundary-layer flow. These latter fac-
tors are generally related to the design parasmeters of blade-chord Reyn-
olds number, free-stream turbulence level, and blade surface finish.
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In cascade design practice, an accurate prediction of the develop-
ment of blade surface boundary layers is not currently possible because
of the many factors involved in exact boundary-layer theory. However,
it has been possible through analysis of experimental data to gein an
insight Into the gross or first-order behavior of turbulent hlade bound-
ary layers insofar as the prinecipal influencing paremeters are concerned
(refs. 1 to 4). Reference 4, in particular, presents an experimental
correlation between the momentum thickness of the blade wake (as formed
from the surface boundary layers) and the ratio of meximum suction-
surface velocity to outlet velocity for a wide range of conventional two-
dimensioneal-~cascade blade configurations at a Reynolds number of about

2x105. It was thus established for these cases that the principal de-~
terminant of the blade wake and therefore of the cascade total-pressure
loss (ref. 5) is the over-all suction-surface velocity ratio vmax,s/VZ'

The experimental correlstions of reference 4 undoubtedly indicate
some basic relation between wake thickness and surface velocity ratio
(called the diffusion ratio) that can presumably be explained from a con-
sideration of boundary-layer theory. It seemed desirable, therefore, to
determine whether the form of the empirical correlations could be reason-
ably deduced and, furthermore, whether the correlations can be utilized
to establish more general analytical relations for blade-wake thickness
that would contain some of the other factors affecting the boundary layer.
Thus, a means would be obtalned for extrapolating the experimental re-
sults to show gross effects and trends of varietions of other pertinent
parameters influencing the blade boundary-layer growth.

The present report presents the derivation of a simple equation for
blade-wake momentum thickness as a function of suction-surface diffusion
ratio based on the one-dimensional boundary-layer momentum equation in
conjunction with simplifying spproximetions. With the use of empirically
derived constants, the eguation is shown to satisfactorily describe the
previously obtalned experimental correlations. Caleculations are then
made from the derived equatlion to indicate the comparative effects on the
limiting diffusion ratio of such factors as blade-chord Reynolds number,
surface roughness, and locetion of transition from laminar to turbulent
flow. The results are utlilized for discussions of the empirical diffu-
sion correlations of reference 4 and general blade design conslderations.

SYMBOLS
Cp drag coefficient
Ce total skin-friction coefficient
cl! total skin-friction coefficient for flat-plate flow (based on

chord-length Reynolds number)

9G¥ .
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H
Ce

Cr

0

total skin-friction coefficient for flét-plate flow (based on
transition-distance Reynolds number)

chord length
local skin-friction coefficient

design 1ift coefficient used .in designation of NACA 65-series
blades

averaging factor for momentum-thickness variation in momentum-
thickness equation

form factor of wake or boundery layer (8%/6)

factor in momentum-thickness equation

factor in momentum-thickness equation

length of flow surface

total pressure

static pressure

blade-chord Reynolds number

blade spacing

free-stream velocity

locel velocity in wake

distance along outlet-flow direction or along flow surface
angle of attack, angle between inlet air direction and blade chord
alr angle, angle between alrflow and axial direction
change in quentity

elr turning angle (B; - Bo)

thickness of wake or boundary layer

displacement thickness of wake or boundary layer

factor in momentum-thickness equation
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6 momentum thickness of wake or boundary layer .
o] solidity (chord/spacing)
Subscripts:
im leminar
ls laminar separation ﬁ
max maximum &
n normal to outlet direction
P pressure surface — -
8 suction surface
tb turbulent
te treiling edge B -
tr transition -
x outlet flow direction or direcition along flow surface
Y normel to axial direction _
cascade~inlet station
2 cascade-outlet measuring station =
Superscript:
__ average value of quantity
ANALYSIS

The objective of the analysis is to establish an analytical relation
between the wake momentum thickness of a cascade, expressed as the ratio
(6/c),, and the blade suction-surface diffusion ratio defined as the ra- i
tio of maxlmum suction-surface free-stream veloclity to outlet free-stream
velocity S/Vz Accordlng to the experimental correlations of ref-
erence 4 (as shcwn in fig. 1 ), the wake momentum thickness should ¥

lfme diffusion ratio vmax’s/vz in figure 1 1s based on a more exact -

value of "VZ than in reference 4, as discussed on page 10.
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increese in an essentially exponential manner with increasing diffusion
ratio for the condition of minimum-loss angle of attack.

A relation between (Q/c)2 and vmax,s/vz is derived from simpli-

fying approximations in the integration of the boundary-leyer momentum
equation. The development assumes incompressible two-dimensional-cascade
flow end considers thet the blade pesk suction-surface velocity occurs
close to the leading edge and that the boundary layer of the suction sur-
face contributes the major portion of the weke. These latter conditlons
are generally observed for conventional blade sections in the range of
operation from minimum loss to positive (high angle of attack) stall
(ref. 4). As in reference 4, the enalysis applies only to blade perform-
ance in this range from minimum loss to positive angle stall. Sketches
of the weke development, velocity variations, and definitions of wake
properties are glven in figures 2 and 3.

Development of Equations

Baslc relations. - In the plane of the blade trailing edge, the mo-
mentum thickness of the weske can be expressed as the sum of the boundary-
layer momentum thicknesses of the pressure and suctlon surfaces at the

trailing edge.2 Theoretically, the growth of the boundary-layer momentum
thickness 6 on a blade surface can be described by the von Karmén mo-
mentum equation as a function of the local skin-friction coefficient cp
and the velocity gradient along the surface dﬂ/dx as

ae S . 8 av

==z ErAgx (1)
wvhere V 1is the local free-stream velocity outside the boundary layer
and H is the boundary-layer form factor. Thus, the momentum thickness
of s surface boundary layer at the trailing edge is obtained from inte-
gration of equation (1) to give

Xte *te :
ete=/ -c—:zgd.x-/ (F+2) 2o ax (2)

o} 0

21f it is assumed that & "desd air" region is formed immedisately be-
hind the trailing-edge thickness (as assumed in refs. 5 end 6), then the
trailing-edge thickness can have no effect on the wake momentum thickness
at the trailing edge since no mass flow is carriled in this region.
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The integration in equation (2) can be conducted by assuming for
simplicity that the maximm free-stream surface velocity Vhax occurs

at the leading edge and that a mean velue of (Hg + 2)(6/c); can be taken

so that

6 Ce v
(©),, - % + 1 20ne (32) g

where

= + 2)(6/c) (4)

Ce 1s the conventional total skin-friction coefficién‘b,3 and V., 1is

the free-stream surface velocity at the trailling edge. In the ensuing
anelysis, however, since there is generally little change in wake momen-
tum thickness and free-stream velocity between blade trailing-edge and
nmeasuring-station location (ref 7), trailing-edge values will be taken
to be those at the measuring station. For the complete wake (both sur-
faces), the momentum thickness can then be expressed as

Vi v,
(&), - L v 2y ) n0g (ﬂ) + 3, Log, (m_gu) (5)
2 V2 2
Examingtion of surface velocity distributions of conventional cas-
cade blades (as 1illustrated in fig. 4) indicates that, as blade camber
or blade angle of atfack 1s Increased, large changes in velocity gradient
occur on the blade suction surface, but comparstively small chenges occur
on the pressure surface. Furthermore, changes in surface friction coef-
ficlents will be small compared with the changes in the suction-surface
diffusion term. Thus, cheanges in total wake momentum thickness will re-
sult primerily from the diffusion contribution of the suction-surface
boundary layer. Accordingly, equation (5) will be written as

V
(Q) = ¢ + jg logg (_EE%:E) (6)
c Vv
2 2
where
1 Cp o) 1 _V_L:Emﬂx
€ = 35 (Cf:P + f,s -+ 'jP o] -9 Vz (7)

5It is assumed for simplicity in the Integration of the local fric-
tion term in equation (2) that the blade surface length is effectively
equal to the chord length. .

q
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It can be shown from calculations of several common aversging pro-
cesses that, for the range of values of H and 6f/c normally encountered
for conventional blaedes, it is sufficiently accurate to express j in
equation (4) in terms of the individual chordwise average values of H
end 6/c such that

Jg = (& + 2)(8/c), ~ (g + 2)(6/c], (8)

Now the average momentum thickness in equation (8) can be expressed as
some factor times the momentum thickness at the measuring stetion, such

that
@), 20, A6,

where fg 1is some averasging factor that satisfies the equality. Sub-
stitution for (67c)s according to equation (9) into equations (8) and
(6) then gives for the wake momentum thickness

<§)2 = — (10)
mex,s
)

where

kg = (2 + B )E, (%)2 (11)

An anslyticel equation for the variation of wake momentum thickness
with suction-surface diffusion ratio is thus obtained in terms of a fac-
tor €, which is a function primarily of the skin-friction coefficients,
and a factor kg, which involves some mean values of H and 6/c along
the surface. It now remains to analyze the € and kg factors over the
range of diffusion encountered in cascades in order to obtain an indica-
tion of their magnitude and possible relation to Vhax,s/vz.

Evalustion of terms. - A direct evaluation of the various terms in
equations (7) and (11) cennot be mede because of the general absence of
experimental data for the development of the boundary layer along the
surfaces of compressor cascade blades. However, & preliminary indicstion
of the approximste magnitude of the € and kg terms can be obtained
from an examination of available boundary-layer deta from similar flow
surfaces. :

Theoretically, the case of zero diffusion (Vﬁax/vz = 1) is repre-
sented by a constant velocity on the blade surfaces, as would be obtained
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s
on very thin uncambered bladés set at zero engle of attack. The boundary-
layer development will therefore be similar to that of the flat plate, so -k
that

ce=2cC. +iCL =0 (12)

2 f,p 2 f,s £

where C% is the conventionsl totel skin-friction coefficient for the

flat plate. A zero diffusion on both blade surfaces, however, cannot be
attained with conventional blades of thicknesses of the order of 10 per-
cent, since some varigtion in veloclty will alweys occur on one or both
of the surfaces. The lowest suction-surface diffusion ratioc attained
for the blades of reference ¢ at minimum-loss angle of attack, for ex-
ample, was about-1.18 (fig. 1). At low diffusion ratios, therefore,
since the maximum surface velocities are greater than the inlet velocity
(effective Reynolds number is consequently higher) and since negative
velocity gradients are present, the total skin-friction coefficient for
the blade 1s expected to be somewhat lower than the conventional flat-
plate value beased on inlet-velocity Reynolds number Cp (refs. 8 and 9).

9S¥¥v

As suction-surface diffusion 1s increased, the cascade data show »
that the negative velocity graedients on the suction surface increase
markedly, while the negative velocity gradients on the pressure surface
generally decrease by a comparatively smell amount. A further net re-
duction in total frictlon coefficient 1s therefore likely as diffusion
retio is increased to the separation value.

The third term in the € factor involving the pressure-surfece dif-
fusion ratio (eq. (8)) will also generally tend to decrease slightly with
increasing suction-surfece diffuslion ratio. The resulting change in the
value of €, however, 1is expected to be quite small, since the values of
pressure-surface diffusion ratlio involved are close to unity. Thus, on
the basis of these comsiderations, the value of € 1is expected to be
generally somewhat smaller then the total flat-plate friction coefficient
and to tend to decrease slightly wlth increasing suction-surface diffu-
sion ratio.

The majority of the experimental compressor-blade cascade data con-
gsildered in the diffusion correlations of reference 4 was obtained for

blade-chord Reynolds numbers between z.0x105 and 2.5X10°. For this range
of Re,, the flat-plate friction coefficient Ct ds sbout 0.0060 for

turbulent flow and about 0.0028 for laminasr flow (fig. 5). The factor
€ in the momentum-thickness equation should therefore have a value some-
where between these limits.

In evaluating the masgnitude of the kg term in equation (ll), re-
course was made to data from isolated asirfoil sections. Experimental
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variations of boundary-layer momentum thickness and form factor in pre-
dominently turbulent boundary layers are shown in figure 6 for the flat
plate (constent free-stresm velocity) and for the upper surface of sev-
erel isolated airfolls where flow separation has occurred nesr the trail-
ing edge. The flat-plate datae represent the lower limiting case of cas-
cade flow with zero surface diffusion (Vpgy/Va = 1), and the isolated

airfoll data are representative of the case of a general diffusion
(Vﬁax/vz > 1) commencing near the leading edge and resulting in boundary-

layer separstion. The length 1 for the isclated airfoils is the dis-
tance along the chord to the indicated point of separation.

Although the specific sveraging processes required to make the val-
ues of fg and Hy in equation (11) satisfy equations (8) and (9) are
not known, 1t will be assumed for simplicity. that the magnitude of these
terms can be obtained from the experimentel data by considering the mean
values of fg and H as

H= fl " a(x/1) (13)

0

and
1

- —% ax
fo ‘O/Q(X/Z)zl a(x/1) (14)

Values of H and fg given by equations (13) and (14) were computed for

each flow surface for the data of figure 6. For zero diffusion, from the
flat-plate data of figure 6, H = 1.33 and fg = 0.57. (For the classicsal

flat-plate boundary-layer theory with 6 c:x4/5, fe = 0.556.) Thus, with
essentially symmetrical boundary layers on both surfaces, (65/6)2 =~ 0.5,

and the factor k., (from eq. (11)) will be sbout 0.95 for the case of
zero diffusion.

For the case of diffusion resulting in separation, an essentially
constant value of fg = 0.33 was computed for all airfoils, while an
averege value of ﬁg = 1.80 was obtalned. If similar values of ﬁs
and fg occur for cascade blades (es is most likely, since the suction-

surface velocity distributions of isolsted and cascade airfoils are gen-
erally similar), then, since (65/6)2 is approximstely 0.90 to 0.95 for

the stalled condition, ks values of epproximately 1.07 to 1.13 may be
obtained. Thus, it appears reasonable to conjecture that kg might tend
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to increase somewhat with vmax,s/vz or possibly be essentially con-

stant at a value of the order of unity for conventional cascade blades
with turbulent boundary layers.

Comparison with Experiment

The experimental variation of wake momentum thickness (6/c), with
measured suction-surface diffusion ratio Vmax,s/vz for a conventional
cascade blade over wlde ranges of cember, solidity, and air inlet angle
(determined from dats of ref. 4) is repeated in figure 7 for the con-
dition of minimum-loss sngle of attack (as defined in ref. 4). The dif-
fusion ratio vmax,s/vz in figure 7 (and in fig. l), however, is based
on a more exact value of V., than in reference_4 and is given by (from

egs. (1) and (2) in ref. 4)

Ymax,s vma.x,s vl vmax,s cos. By 8 o
2 1 2 1 os By o COB Bz
where Vmax,s/vl’ By» By, and (9/0)2 are obtained from the measured blade

performance and surface velocity distributions. As in reference 4, the
values of (9/6)2 in figure 7 are taken from faired curves of (9/0)2

agalnst angle of attack in an ettempt to eliminete some of the obvious
increases in momentum thickness due to local laminar separations. The
data thus tend to approach the variation for a predominantly turbulent
flow without laminsr separation bubbles.

As shown by the dashed curve in figure 7, an analytical curve of
(8/c); against Vmax,s/vz given by equation (10) can be obtalned to

produce a reasonsble representation of the experimental data on the basis
of constant values of € = 0.004 and k, = 1.17. Apparently, for these

detsa, the speculated reduction in e with Vmax,s/vz is not significant,

or perheps there 1s a compensating effect between & decreasing € and an
increasing k..

Since the boundary-layer flow for the blades of figure 7 is predomi-
nantly turbulent, the flat-plate frictlon coefficient at the Reynolds

nunber of the data should be somewhat less than 0.006. The experimentally

determined velue of € = 0.004 therefore appears reasonable since, ac-
cording to the previous considerations, it should be smaller than the
flat-plate friction coefficient. It is also noted that the value of

kg = 1.17 obtained from the data of figure 7 is somewhat larger than the

values deduced previocusly for the predominantly turbulent boundary layer.

X

95%%
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However, the higher value of kg, for the cascade, compared with the pre-

vious isclated airfoil case, may reasonsbly be due to a higher aversge
value of Hy because of the lower Reynolds numbers and existence of lo-

cal laminar separetions in the cascades.

On the basis of these results, it is believed that the use of the
flat-plate friction coefficient in the evaluastion of the € term and the
use of meen chordwise values of H and 6/c in the evaluation of the

ks term are sufficiently velid for the application of equation (ll).

The derived momentum-thickness equation will therefore be considered as
a satisfactory approximete representation of the wake thickness of con-
ventional cascade blades for purposes of comparstive anslysis.

Theoretical Varistions

The spproximete momentum-thickness equation derived herein can be
utilized to obtain an insight into the gualitative effects of secondary
factors such as Reynolds number, surface roughness, transitlon location,
and local leminer separation on the variation of wake momentum thickness
with diffusion ratic. This is accomplished by investigating the effect
of these factors on the k; and € terms in equation (10) for turbulent

and laminar flow.

The boundary-layer characteristics that influence the msgnitude of
the kg term in equation (10) are the chordwise mean values of form fac-

tor and momentum thickness, which in turn depend on the type of boundary
layer present. As found previously herein, k;, may be about 0.95 to
1.13 for isolsted alrfoils with turbulent boundary-layer flow at high

Reynolds number (order of 108 or greater), and about 1.17 for the conven-
tional cascade blades of reference 10 at a Reynolds number of gbout

2.5X10° (predominantly turbulent flow).

Representative values of kg for the leminar boundary leyer can be
obtained from the limited availsble theoretical veriations of H and 8
shown in figure 8 for the flat plate and for & linearly decreasing veloc-
ity with separation at the trailing edge. For zero diffusion (flat plate),
H = 2.61 end fg= 0.66 to give kg = 1.52. For the case of diffusion at
separation (linearly decreasing velocity), H = 2.88 and f£4 = 0.61, which
gives, with 6./65 = 0.90 to 0.95, a kg value of about 2.75. The use of

a constant value of ks in equation (10) over the diffusion range there-

fore mey not be representative of the real momentum-thickness development
in laminar flow. However, as expected, values of kg for laminar flow

are substentially larger than those for turbulent flow.
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Calculated variations of (Q/C)z with Vmax,s/vz for several val-

ues of ks representative of conventional cascade flow with predomi-
nantly turbulent boundary layers (e = 0.004) and with laminsr boundary
layers (e = 0.0027, corresponding to _C% at Re, = 2.5x105) are shown

in figure 9. According to equation (10), a limiting value of Vmax,s/vz

is reached for each value of kg when (6/0)2 approaches infinity. The
prime importance of the nsture of the surface boundary leyer in deter-
mining the allowable diffusion ratio is thus clearly indicated.

As indicated by the derived equation (eqg. (10)}), any increase in the
value of € will be directly reflected as an increase in the magnitude
of the momentum thickness. This is illustrated by the calculated varia-
tlon of (6/c)2 with diffusion ratio for several values of € shown in

figure 10 for a value of Xk, representative of predominantly turbulent

flow. According to the formulastion of equation (11), the variation of
€ at constant ks affects only the rate at which the limiting diffu-

sion ratio (value at which (6/c), + =) is approached. In a real flow,

however, it is likely that k, may also vary as € 1s varied, since the

factors that determine the magnitude of € mey also have an effect on
the chordwise H and & variations. :

Since the value of € 1s approximately equael to or at least propor-
tional to the flat-plate friction coefficlent Cp, € will be a direct
function of the blade-chord Reynolds number and the surface roughness of
the blade, values of which can be obtained, for example, from figure 5
and from reference 11 (ch. XXI). For the case of partly laminar and
partly turbulent flow, the friction coefficient can be calculated as
(ref. 11, p. 434)

x * *
Ck = Ct,tp - (z)tr (Ce,tp - Ce,im) (16)

where (x/c)tr is the extent of the laminar region, Cf,tb is the turbu-

lent total friction coegficient based on the chord-length Reynolds num-

ber, and C; im .and Cf tp B8re the laminar and turbulent total friction
3] 4 :
coefficients, respectively, based on the Reynolds number at (x/c)tr.

In order to obtain an equation in which all friction coefficients
are based on blade-chord Reynolds number, use is made of the general re-
lations

o _1.328

= =IO 17)
£,im,x Re,x (

1 achy
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and, for simplicity (ref. 11),

0.074
1 D s =
Cf,tb,x S (18)
hf Re,x
to gilve
Cé 3 -
c* S 12 (19)
£,im (x)
C/er
and
* Ct,tb
Ce,tb = 7 ' (20)

VG

Substitution in equation (16) then yields, for partly laminar and partly

turbulent flow,
4/5 1/2
T _ Ot _ (X . 1 X
%2 = Ot 4 [ ). ]* %1 i (=)

where C! and C] are obtained from figure 5 for the blade-chord
£,tb f,lm

Reynolds number in question. Although the proper relation between €

and C% cennot be accurately determined from the correlation of figure

7, for practical purposes, values between € = 0.8 C% end € = C% ap-
pear to be satisfactory.

In view of these considerations, it is gpparent that the location
of the transition from laminar to turbulent boundary-lsyer flow, and in
particular the relation between transition end laminar-separastion loca-
tion, may exert a conslderable influence on the terminal value of the
momentum thickness of conventional cascade blades. An indication of the
possible variation in ks with € with varying transition location was

obtained from consideration of hypotheticeal form-factor profiles repre-
sentative of flow with local laminsr separstion (transition occurs after
separation of the laminer boundary layer). Figure 11 shows highly ideal-
ized variation of H, with chord-length distance elong the surface for

various locations of laminsr separation and turbulent reattachment. In
the figure, leminer separation is shown to occur at the 0, 0.2, and 0.4
chord points followed by a turbulent reattachment either immediately
((a%/c);4 = O, solid 1line) or after 0.1 chord length ({Ax/c);, = 0.1,

deshed line). Turbulent separation is assumed to occur at the trailing
edge, as is likely for a heavily loaded blade.
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Average values of form fector Es were determined by integration
for each curve in figure 11, and corresponding values of fgy were deter-~
mined from the simplifying assumption that

fg = (%)tr fo,im * [ - (%)t;}fe,tb (22)

where fe,zm is taken as 0.61 and fg tp 1s 0.33. Velues of k  were

then determined for.each transition location according to equation (11)
by assuming 65/62 = 0.90. Values of flat-plate friction coefficient
C% for each case were determined from eguation (21) for Rep, = 2.5x10°.
The results of the calculations for k , and C% for the illustretive

cases of figure 11 are listed in the following table:

(x/c);q |(Bx/c)yg | Hs | T5 | Xg cL
0 0 1.58 | 0.33 | 1.06 | 0.0059
.1 1.80| .36|1.23| .0058
0.2 0 1.880.39 |1.36 | 0.0055
1 2.10| .41|1.51| .005l
0.4 0 2.19 | 0.44 | 1.66 | 0.0047
1 2.41| .47[1.86| .0044

Calculated variations of (6/c), with Vpgy o/Vp for the tramsition

configurations of figure 11, assuming the calculated values of kg and
€ +to be constant over the entire range of Vmax,s/vz (assuming € = C}),

are shown in figure 12 for illustrative purposes. (In en actuel flow,

of course, it is recognized that k and ¢ might not be constant, since
transition and separation characteristics will very with the diffusion
ratio.) Thus, it is seen that a wide range of values of momentum thick-
ness and limiting diffusion ratio may theoretically be obtained for a
given cascade if. different transition locations and different behaviors
of the surface boundary layer in the transition region occur. These lat-
ter factors, in turn, are dependent on the blade-chord Reynolds number,
the free-stresm turbulence level, and the surface roughness.

DISCUSSION

The preceding results, based on the derived momentum-thickness equa-
tion, mey find application in the interpretation of experimental results
and in the establishment of design considerstions for compressor or cas-
cede blades. For example, the experimental variation of (6/c), with

9Cv¥
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Vﬁax,s/vz for angles of attack greater than minimm loss for the var-

ious cescade geometries of reference 10, as shown in figure 13, exhibits
8 wide spread of the data for Vmax,s/vz greater than gbout 1.9. Inas-

much as these cascade data were obtained at values of Reynolds number
and free-stream turbulence for which local leminar separations were pres-
ent (ref. 10), it is reasonable to conjecture that the data spread at
high values of diffusion ratio mey be due, to some extent, to the ef-
fects of variations in the nature and location of these separations (as
illustrated in fig. 12). Indicated values of stalling diffusion ratio
(value above which & sharp rise in loss 1s possible) derived from exper-
imental data (as in ref. 4) should, therefore, be carefully qualified for
the blade-chord Reynolds number and turbulence levels of the tests. It
is quite likely, according to the present results, that different stall-
ing limits mey be obtained for different values of Re., and turbulence.

The analysis also indicates that, if consistent cascade loss correlations
are desired, tests should be run at gbout the same values of Reynolds
numbers and turbulence levels.

For consideration of cascade design, the derived diffusion ansalysis
indicates that considersble veriation can be obtained in the allowsble
value of suction-surface diffusion ratio (value sbove which 8/c becomes
excessive), which in turn depends on the specific boundary-layer behavior
of the cascade geometry. In order to obtaln a rough indication of the
magnitude of the alloweble diffusion ratio for a given design, the values
of e and k, must eilther be known or estimated. Although the effects

of Reynolds number and surface roughness on the friction coefficient (and
therefore on €) can be regdily determined, it is generally not possible
to evaluate the effect of these factors as well as the effect of the tur-
bulence and surface velocity distribution on the transition behavior (and
therefore on ks). Furthermore, 1n view of the limitations involved in

the derivation, it is not known whether the derived equation is capable
of giving accurate absolute magnitudes for the limiting diffusion ratio
over a wide range of cascade and flow configurations.

Tt 1s recognized that the derived equation (eq. (10)) represents an
oversimplification of the true boundary-layer development on cascade blade
gurfaces and contains many spproximations. The principal reservation lies
in the use of mean values of H and 6 in the integration of the momen-
tum equation and in the validity of the von Kdrmén equation in regions of
separaetion where the normal pressure gradients end turbulent stresses may
not be zero. At the moment, therefore, the primery utility of the diffu-
sion analysis for design is in providing qualitetive considerations and
indications of relative effects.

According to the preceding analysis, for a given application in cas-
cade design, the allowable diffusion ratio can be increased by designing
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the blade and cascade so as to tend to reduce the total friction coeffi-
clent and the extent of laminar flow. These objectives can be accom-
plished in several ways: by utilizing a large value of blade-chord Reyn-~
olds number and high free-stream turbulence level, by maintaining smooth
blade surfaces, and by designing for pesk surface velocity near the lead-
ing edge so that the initial boundary layer at the start of diffusion is
small.

In axial-flow-compressor design, the situation is more favoreble in
some respects than in the cascade. For the same Reynolds numbers, the
turbulence levels are generally greater in the compressor because of the
wakes and disturbances of preceding blade rows. On the other hand, the
use of high peak velocities at the blade leading edge may not be consist-
ent with good high-Mach-number performance. The maintenance of high Reyn-~
olds number and low relative surface roughness, however, should likewise
be effective in increasing the alloweble diffusion ratios of compressor
blade sections.

SMMARY OF RESULTS

A simple equation relating the wake momentum thickness and suction-~
surface diffusion ratio (ratio of maximum surface veloeity to oubtlet ve-
locity) of conventional low-speed cascade blade sections has been de-
rived from boundary-layer theory in conjunction with several simplifying
gpproximations. An anslytical relation is thus obtalned which corre-
sponds to the experimental correlations between wake momentum thickness
and diffusion ratlo reported previously. Comparison with the experimental
data showed that reasonable velues were obtained for the two emplrical
factors contained in the equation. The derived momentum-thlickness equa-
tion was therefore comsidered to be a satisfactory approximate represen-
tation of the wake development of conventlonal cascade blades for pur—
poses of comparative analysis.

Inasmuch as the two empiricel factors derived in the momentum-
thickness equation are determined by the blade friction coefficient and
the type of boundary-layer flow, it was possible to galn an insight into
the qualitative effects on the variaetion of momentum thickness with 4if-
fusion ratio of such factors as blade-chord Reynolds number, surface
roughness, transition location, and extent of local laminar separation.
Illustrative calculations made for ranges of values of friction coeffi-
cient and transition behavior showed that a wide range of curves of mo-
mentum thickness sagainst diffusion ratio can be obtained for different
boundary-layer histories. These results indicated that, for maximum al-
lowable values of suction-surfece diffustion ratio (values above which

o5¥% .
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(6/c), becomes excessive), blades should be designed for low friction
coefficient (high Reynolds number and low relative surface roughness)
and minimum lsminar flow (high Reynolds number and high free-stream
turbulence).

Lewis Flight Propulsion Laboratory
National Advisory Committee for Aeronautics
Cleveland, Ohio, May 26, 1958
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